The failure of some key vertices in a network, due to either attacks or malfunctioning, may break the network into several disconnected components-the vertices within each component are connected, but there are no connections between components. When this happens, two measures should be of concern:
I. INTRODUCTION
Numerous processors (or vertices) in a multiprocessor system are connected, and communicate with each other, via various interconnection networks. When vertices at certain crucial locations become faulty, it can severely impact the original network, even to the extent that the network may be disconnected into several components. If the surviving network possesses a big component, then in many cases it can still be used as a functional subsystem without causing severe performance degradation [13] . Therefore, the maximum size of the remaining components is of great importance in a faulty, disconnected network.
Yang et al. [28] found that, when deleting a subset D ⊆ V (Q n ) in n-hypercube Q n with |D| ≤ 3n − 6, there exists a component with size ≥ |V (Q n )| − |D| − 2 in the remaining graph. In [29] , Yang et al. reported that, when deleting a The associate editor coordinating the review of this manuscript and approving it for publication was Hao Luo . subset D ⊆ V (Q n ) in Q n with |D| ≤ 4n − 10, there exists a component with size ≥ |V (Q n )| − |D| − 3 in the remaining network. Yang et al. [30] further addressed the maximal component in Q n when deleting a subset D ⊆ V (Q n ) with size of |D| ≤ rn − r(r + 1)/2. Also, Yang et al. [31] proved that, in an n-star graph network S n with a subset D ⊆ V (S n ) of size |D| ≤ 2n − 4, the size of big component without D is at least |V (S n )| − |D| − 2. Moreover, Cheng and Lipták [11] computed the size of big component in cayley graphs generated by transpositions trees when deleting linearly many faults, and Yuan and Cheng [32] further proposed the size of big component in (n, k)-star graphs when deleting linearly many faults. Zhang et al. in [34] proposed an efficient disk-based directed graph processing by using the component structure.
Data center networks [24] , social networks [25] , [26] , dragonfly networks [27] take interconnection networks as underlying topologies. Generally speaking, an ideal network topology should have few edges for any vertex relative to the size of the graph, a short distance between any two VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ vertices, and a great number of alternative paths (the larger the number is, the higher the connectivity is). To satisfy these requirements, Cheng et al. [8] proposed the split-star S 2 n as an alternative to the popular star graph [1] , which can be considered as ''companion graphs'' to two alternating group graphs [9] . In fact, S 2 n contains two copies of AG n . The splitstars have been shown to outperform, in many aspects, some well-studied networks such as alternating group graphs [2] , [4] , [6] and star graphs [7] , [9] . The disjoint multi-path algorithm in split-star can be potentially applied to do routing in social networks, data center networks, and complex networks [26] . Lin et al. proposed the conditional diagnosability and strong diagnosability of split-stars [20] , and investigated the restricted and extra connectivity of split-stars [21] .
The work in this paper is motivated by references [11] , [17] , [30] . Yang et al. [30] addressed the maximal component reliability of faulty n-hypercube Q n . Cheng and Lipták [11] gave the linearly many faults in star graph networks. To summarize, in this paper, we prove that when an arbitrary subset of vertices D with |D| ≤ 6n − 15 is removed from S 2 n , the remaining network will have at most 3 components, with the largest component having at least n! − |D| − 3 vertices. With |D| ≤ 8n−21, the remaining network has at most 4 components with the largest component's size ≥ n! − |D| − 5. The characterization of maximal component of S 2 n not only can reflect the strength of a functional subsystem, but also can be used to determine the fault diagnosis capacity of splitstar networks. As a corollary, the r-component connectivity of S 2 n is estimated by using the obtained maximal component and the minimal neighbor-set of independent set of size r (2 ≤ r ≤ 5). The component connectivity can be viewed as a measure of the fault resiliency of split-star networks.
The rest of this paper is organized as follows. Section 2 introduces preliminaries. In Section III, the results on S 2 n 's maximal component are presented and proved. Section V concludes the paper.
II. PRELIMINARIES
We present some necessary terms in the graph theory in this section. Then we show the definition of an n-split-star according to [8] . Finally, we give the relationship between the n-split-star and the n-alternating group graph.
A. TERMINOLOGIES
A graph G = (V (G), E(G)) is usually used to represent an interconnection network where V (G) is the set of vertices and E(G) is the set of edges. Let |V (G)| and |E(G)| be the sizes of V (G) and E(G), respectively.
A subgraph R of G is a graph with V (R) ⊂ V (G) and E(R) ⊂ E(G). The subgraph of G induced by a set is written as G[ ], where the vertex-set is and the edge-set
. For a subset S, let G − S be the graph by deleting from G all vertices of S and all edges connecting at least one vertex in S. The maximal connected subgraph of G − S is called a component.
For a vertex η in G, the neighbor set N G (η) is the set of all vertices adjoining to η.
We replace N G (η) and N G (M) by N (η) and N (M), respectively, if G is clear from the context. The degree d(η) of η is denoted by |N (η)|. A path consists of a sequence of edges connecting a sequence of vertices. A cycle is a path whose start vertex and end vertex are the same. A j-path (or j-cycle) is a path (or cycle) with length j.
To establish a better relationship between reliability and connectivity (see Definition 1) for a network, Chartrand et al. [3] proposed the component connectivity of a graph in the following Definition 2, which assumes that the resulting network by removing a set of vertices consists of no less than r components. Hsu et al. [17] proposed the r-component connectivity for the classical n-hypercube for 2 ≤ r ≤ n + 1. Furthermore, Zhao et al. [33] extended the results in Hsu et al. [17] to n + 1 ≤ r ≤ 2n − 5. In 2014, Ferrero and Hanusch [14] established the component connectivity of generalized Petersen graph networks. Most recently, Guo [15] computed the r-component connectivity of twisted cubes.
Definition 1 [23] :
(2) The connectivity κ(G) of G is the smallest size of all vertex-cuts of G. Definition 2 [3] : (1) If G − D has at least r components (r ≥ 2), then D is an r-component-cut of G.
(2) The r-component connectivity cκ r (G) of G is the smallest size of all r-component-cuts of G.
Definition 3 [23] : (1) A r-component edge-cut of G is a set of edges whose deletion results in a graph with at least r components.
(2) The r-component edge connectivity cλ r (G) of G is the size of the smallest r-component edge-cut of G.
Cheng et al. [8] proposed the split-stars as alternatives to star graphs [1] and companion graphs to the alternating group graphs [19] . Cheng and Lipman explored how to increase the connectivity [5] and investigated the super connectivity [9] . Also, they studied the strength and toughness [7] of splitstars. In 2014, Cheng et al. [12] gave the surface areas of the alternating group graph and the split-star. So far, the component connectivity of split-stars has not been studied.
Definition 4 [9] : Let n, k be positive integers with n > k and let n = {1, 2, . . . , n − 1, n}. Denote by P n the set of all permutations on n . The n-dimensional split-star, denoted by S 2 n , is defined as follows.
• V (S 2 n ) = P n ; • E(S 2 n ) = {pq | p (resp., q) is obtained from q (resp., p) by either a 2-exchange or a 3-rotation}.
1) A 2-exchange interchanges the symbols in 1st position and 2nd position in Fig. 1 . 2) A 3-rotation rotates the symbols in 1st position, 2nd position and k-th position in Fig. 1 for k ∈ {3, 4, . . . , n−1, n}.
The 3-rotation has two neighbors for any k ∈ n − {1, 2}. It implies that S 2 n is a (2n − 3)-regular graph with n! vertices. Throughout this paper, we use a 1 a 2 · · · a n to denote a permutation where a i is in position i. Fig. 2 gives the structure of the 4-split-star S 2 4 .
C. THE RELATIONSHIP BETWEEN SPLIT-STAR S 2 n AND ALTERNATING GROUP GRAPH AG n In this subsection, we will introduce the relationship between n-split-star S 2 n and n-alternating group graph AG n . We first propose the definition of alternating group graphs as follows.
A pair of symbols a i and a j is an inversion if a i > a j whenever i < j. An even permutation has an even number of inversions and an odd permutation has an odd number of inversions. Let A n = {all even permutations on n }. For i ∈ n − {1, 2}, the operation g + i (resp., g − i ) on A n by setting pg + i (resp., pg − i ) to be a permutation obtained from p by rotating the symbols in 1st, 2nd and ith position from left to right (resp., from right to left).
Definition 5 [19] : The n-dimensional alternating group graph, denoted by AG n , has vertex-set V (AG n ) = A n , and edge-set E(AG n ) = {pq | q = pg + i or q = pg − i for some i ∈ n − {1, 2}}. Note that q = pg + i if and only if p = qg − i . Note that AG n is a (2n − 4)-regular graph with n! 2 vertices. Let AG i n be the subgraph of AG n induced by {p ∈ V (AG n )| p = x 1 x 2 · · · x n−1 i}. It is easy to see that AG i n is isomorphic to AG n−1 .
The n-alternating group graph AG n has many important fault tolerant properties listed below, which are applied to prove the results in split-stars (Lemmas 1-3 and Propositions 1-3).
Lemma 1 [19] : An n-alternating group graph AG n has the following basic properties.
(1) AG n is (2n−4)-regular and κ(AG n ) = 2n−4 for n ≥ 3.
(2) Every vertex of AG α n has two external neighbors, which are in AG β n and AG γ n for 1 ≤ α = β ≤ n, 1 ≤ α = γ ≤ n, 1 ≤ β = γ ≤ n and n ≥ 4.
(3) There exist (n − 2)! disjoint edges between any pair of AG α n and AG β n for 1 ≤ α = β ≤ n and n ≥ 4. Lemma 2: Let ζ, η be any two vertices of AG n . [22] . Lemma 3: Let D be a subset of V (AG n ) (n ≥ 5).
(1) [10] , [16] If |D| ≤ 4n − 11, then AG n − D possesses one of the following results.
• one component (connected); • two components, the small one being a vertex; • two components, the small one being an edge. Moreover, |D| = 4n−11 and D consists of all neighbors of the edge. (2) [10] If |D| ≤ 6n − 20, then AG n − D possesses one of the following results.
• one component (connected); • two components, the small one being a vertex or an edge; • three components, the small two being both a vertex, respectively. (3) [16] If |D| ≤ 6n − 19, then AG n − D possesses one of the following results.
• one component (connected); • two components, the small one being a vertex, or an edge, or a 2-path;
• three components, the small two being both a vertex, respectively. (4) [22] If |D| ≤ 8n − 29, then AG n − D possesses one of the following results.
• one component (connected); • two components, the small one being a vertex, or an edge, or a 2-path, or a 3-cycle;
• three components, the small two being both a vertex, respectively, or a vertex and an edge;
• four components, the small three being all a vertex, respectively. Proposition 1 [18] : Let {u, v} be an independent set of two vertices on a 4-cycle of an (n − 1)-subgraph of AG n . Then the four external neighbors of u, v are in four different subgraphs.
Proposition 2 [18] : Let {u, v} be an independent set of two isolated vertices on a 2-path of an (n−1)-subgraph of AG n such that uv / ∈ E(AG n ). If |N (u) ∩ N (v)| = 1, then the four external neighbors of u, v are in three different subgraphs. Proposition 3 [18] : Let D be an independent set in V (AG n ) (n ≥ 4). We have the following results:
(
The n-split-star can be decomposed into two subgraphs to build the relationship between S 2 n and AG n . For any i ∈ n , let S 2:i n be the (n − 1)-subgraph of S 2 n induced by the set {p ∈ V (S 2 n ) | p = x 1 x 2 · · · x n−1 i}. Let S 2 n,E be the (n − 1)-subgraph of S 2 n induced by the set of all even permutations, which is the n-alternating group graph AG n [19] . Let S 2 n,O be the (n − 1)-subgraph of S 2 n induced by the set of all odd permutations. It implies that S 2 n,O is also isomorphic to AG n and S 2 n,O is isomorphic to S 2 n,E via by exchanging the symbols in 1st and 2nd position. Fig. 3 gives the subgraphs S 2 4,E and S 2 4,O . Observe that there is one to one correspondence between S 2 n,E and S 2 n,O . In other words, S 2 n contains two copies of AG n .
III. MAXIMAL COMPONENT IN THE SPLIT-STARS
We first introduce some basic properties of n-split-star S 2 n in the following lemmas, which are applied to our main results in this paper.
Lemma 4 [7] , [9] : (1) An n-split-star S 2 n is (2n−3)-regular and κ(S 2 n ) = δ(S 2 n ) = 2n − 3 for n ≥ 2. (2) Two external-neighbors of any vertex in S i n are in distinct (n − 1)-subgraphs and they are adjacent.
(3) For any two vertices in the same (n − 1)-subgraph, their external-neighbors are different.
(4) There is one to one correspondence between S 2 n,O and S 2 n,E . (5) There exist 2(n − 2)! disjointed edges between any two (n − 1)-subgraphs.
Lemma 5 [21] : Let u, v be any two vertices in V (S 2 n ), then
Cheng and Lipman [5] presented the structural theorem of split-stars as follows.
Lemma 6 [5] : Let D be a subset of V (S 2 n ) (n ≥ 4) such that |D| ≤ 4n−8. Then S 2 n −D possesses one of the following results.
(1) one component;
(2) two components, the small one being a vertex;
(3) two components, the small one being a 2-exchange edge;
(4) two components, the small one being an edge. Moreover, the edge is not a 2-exchange edge;
(5) three components, the small two being both a vertex, respectively;
(6) two copies of C 4 × K 2 when n = 4. We [21] previously gave the fault tolerant properties of S 2 n as follows. However, the upper bound of fault-set is too small. We then find that the result still hold with the larger fault-set. Lemma 7 [21] : Let D be a fault-set of S 2 n (n ≥ 4). (1) If |D| ≤ 6n − 17, then S 2 n − D possesses one of the following results.
• one component (connected); • two components, the small one being a vertex; • two components, the small one being an edge. • three components, the small two being both a vertex, respectively. (2) If |D| ≤ 8n − 25, then S 2 n − D possesses one of the following results.
• four components, the small three being all a vertex, respectively. We then propose the minimum neighborhood of an independent set in V (S 2 n ) listed below, which can be used to propose the upper bound of component connectivity of S 2 n . Theorem 1: Let D be an independent set in V (S 2 n ) (n ≥ 4). We have the following results.
Proof: Let D be an independent set in V (S 2 n ) (n ≥ 4). By Definition 4, an n-split-star can be decomposed into S 2 n,E and S 2 n,O , which are isomorphic to an n-alternating group graph AG n . Let
. We divide it into the following cases.
(2) |D| = 3 (2.1) |D E | = 3 and |D O | = 0 or |D O | = 3 and |D E | = 0 By the symmetry of S 2 n , assume that |D E | = 3 and
(2.2) |D E | = 2 and |D O | = 1 or |D O | = 2 and |D E | = 1 By the symmetry of S 2 n , assume that |D E | = 2 and
Therefore, Theorem 1 (2) holds.
(3) |D| = 4 (3.1) |D E | = 4 and |D O | = 0 or |D O | = 4 and |D E | = 0 By the symmetry of S 2 n , assume that |D E | = 4 and 
Therefore, Theorem 1 (3) holds. Third, we independently consider the minimum neighborhood of a subset with five vertices in V (S 2 n ) listed below.
(2) Let D be a subset of three independent vertices and one independent edge in V (S 2 n ) (n ≥ 4), and let
Proof: (1) The result holds for n = 4 (see Fig. 3 ). Next, we will prove the theorem when n ≥ 5. We divide it into the following cases.
Case 1 (D Is in One (n − 1)-Subgraph): By the symmetry of S 2 n , assume that D ⊆ V (S 2:1 n ). We will prove the result by mathematical induction. Assume that the result holds for n − 1. By the mathematical induction, we obtain
Case 2 (D Is Distributed in Two Different (n − 1)-Subgraphs): By the symmetry of S 2 n , assume that D ⊆ V (S 2:1 n ) ∪ V (S 2:2 n ) and |D 1 | = 2, |D 2 | = 3. By Theorem 1 (1),
Therefore,
When |D 1 | = 1, |D 2 | = 2 and |D 3 | = 2, by Lemma 4 (1),
Case 4 (D Is Distributed in Four Different
Therefore, for n ≥ 5,
From the above, Theorem 2 (1) holds.
(2) If the edge is between two (n − 1)-subgraphs, then the proof of Theorem 2 (2) is similar to Cases 2-5 of Theorem 2 (1). We will prove Theorem 2 (2) when the edge is in one (n − 1)-subgraph. The result holds for n = 4 (see Fig. 3 ). Next, we will prove the theorem when n ≥ 5. We divided it into the following cases.
Case 1 (D Is in One (n − 1)-Subgraph): By the symmetry of S 2 n , assume that D ⊆ V (S 2:i n ). We will prove the result by mathematical induction. Assume that the result holds for n − 1. By the mathematical induction, we obtain
Case 2 (D Is Distributed in Two Different (n − 1)-Subgraphs): By the symmetry of S 2 n , assume that D ⊆ V (S 2:1 n ) ∪ V (S 2:2 n ) and |D 1 | = 2, |D 2 | = 3. If D 2 contains an edge in D, then let D 2 = {uv, w}. Hence, by Lemma 7 (1), |N S 2:2 n (D 2 )| ≥ 6(n − 1) − 16 = 6n − 22, and by Proposition 3 (1), by Proposition 1 (see Fig. 4 (1) ). Thus, for n ≥ 5, Fig. 4 (2)), then u, v, w have at least three disjointed external neighbors outside S 2:2 n by Proposition 2. Meanwhile, by Lemma 4 (1) and Lemma 5, Fig. 4 (3) ), then u, v, w have at least three disjointed external neighbors outside S 2:2 n by Lemma 4 (2). Thus, by Lemma 4 (1) and Lemma 5, If D 1 is an edge in D (see Fig. 4 (4) ), then by Theorem 1 (2), |N S 2:2 n (D 2 )| ≥ 6(n − 1) − 14 = 6n − 20. By Lemma 4 (2), u, v, w have at least three disjointed external neighbors outside S 2:2 n . Thus, for n ≥ 5,
Case 3 (D Is Distributed in Three Different (n − 1)-Subgraphs): By the symmetry of S 2 n , assume that D ⊆ V (S 2:1 n ) ∪ V (S 2:2 n ) ∪ V (S 2:3 n ). If |D 1 | = 1, |D 2 | = 1, |D 3 | = 3 and D 3 contains an edge in D, then by Lemma 4 (1), |N S 2:i n (D i )| ≥ 2n − 5 for i ∈ {1, 2}. By Lemma 7 (2), Fig. 5 (1) ), then u, w have at least two disjointed external neighbors outside S 2:1 n ∪ S 2:2 n by Proposition 1. Hence, for n ≥ 5,
If |N (u) ∩ N (w)| = 1 or |N (v) ∩ N (w)| = 1 (see Fig. 5 (2)), then u, v, w have at least one disjointed external neighbor outside S 2:1 n ∪ S 2:2 n by Proposition 2.
Note that, by Lemma 4 (1) and Lemma 5,
Thus, for n ≥ 5,
If |N (u) ∩ N (w)| = 0 and |N (v) ∩ N (w)| = 0 (see Fig. 5 (3)), then by Lemma 4 (2), u, v, w have at least one disjointed external neighbor outside S 2:1 n ∪ S 2:2 n . By Lemma 4 (1) and Lemma 5,
If |D 1 | = 1, |D 2 | = 2 and |D 3 | = 2 (see Fig. 5 (4) ), then by the symmetry of S 2 n , assume that D 2 is an edge in D. By Lemma 6, |N S 2:2 n (D 2 )| ≥ 4(n − 1) − 9 = 4n − 13. By Lemma 4 (2), u, v, w have at least one disjointed external neighbor outside S 2:1 n ∪ S 2:2 n . By Lemma 4 (1),
Case 4 (D Is Distributed in Four Different (n − 1)-Subgraphs): By the symmetry of S 2 n , assume that D ⊆ V (S 2:1 n ) ∪ V (S 2:2 n ) ∪ V (S 2:3 n ) ∪ V (S 2:4 n ) and |D 1 | = |D 2 | = |D 3 | = 1, |D 4 | = 2. By Lemma 4 (1), |N S 2:i n (D i )| ≥ 2n − 5 for i ∈ {1, 2, 3}. By Lemma 6, |N S 2:4 n (D 4 )| ≥ 4(n − 1) − 9 = 4n − 13. Thus, for n ≥ 5,
Case 5 (D Is Distributed in Five Different
From the above, Theorem 2 (2) holds. Next, we prove that when an arbitrary subset of vertices D with |D| ≤ 6n − 15 is removed from S 2 n , the remaining network has at most 3 components, and has a component with at least n! − |D| − 3 vertices.
Theorem 3: Let D ⊆ V (S 2 n ) (n ≥ 5) and |D| ≤ 6n − 15, then S 2 n − D possesses one of the following results. (1) one component (connected); (2) two components, the small one being a vertex, or an edge, or a 2-path, or a 3-cycle;
(3) three components, the small two being both a vertex, respectively, or a vertex and an edge.
Proof: Let D O = D ∩ V (S 2 n,O ) and D E = D ∩ V (S 2 n,E ). We divide it into the following three cases depending on the sizes of |D O | and |D E |.
Case 1 (|D O | ≤ 6n−19 and |D E | ≤ 6n−19): By Lemma 3 (3), S 2 n,O −D O (resp., S 2 n,E −D E ) has (a) one component (connected), or (b) two components, the small one being a vertex, or an edge, or a 2-path, or (c) three components, the small two being both a vertex, respectively. Let Z O (resp., Z E ) be the union of small components of S 2 n,O − D O (resp., S 2 n,E − D E ) such that |Z O | ≤ 3 and |Z E | ≤ 3. By Lemma 4 (4), there are n! 2 disjointed edges between S 2 n,O and S 2 n,E . By the fact that n! Fig. 6 ).
If |Z O | + |Z E | = 6, then |Z O | = 3 and |Z E | = 3. By Lemma 3 (2), |D O | ≥ 6n − 19 and |D E | ≥ 6n − 19 for n ≥ 5. Thus, for n ≥ 5,
which is a contradiction. If |Z O |+|Z E | = 5, then by the symmetry of S 2 n , let |Z O | = 2 and |Z E | = 3. By Lemma 3 (1), |D O | ≥ 4n − 11 for n ≥ 5. By Lemma 3 (2) , |D E | ≥ 6n−19 for n ≥ 5. Hence, for n ≥ 5, 2), |D E | ≥ 6n − 19 for n ≥ 5. Thus, for n ≥ 5,
which is a contradiction.
If 
Since S 2 n,O is isomorphic to AG n , S 2 n,O − D O is connected by Lemma 1 (1) and the fact that 2n − 4 > 3 for n ≥ 5. Let H be the union of all components of S 2 
From the above, Theorem 3 holds.
Finally, we prove that if |D| ≤ 8n − 21, then the remaining network has at most 4 components, and has a component of size at least n! − |D| − 5.
Theorem 4: Let D ⊆ V (S 2 n ) (n ≥ 6) and |D| ≤ 8n − 21, then S 2 n − D possesses one of the following six results: (1) one component (connected);
(2) one big component and the size of the union of small components being one;
(3) one big component and the size of the union of small components being two;
(4) one big component and the size of the union of small components being three; 
which is a contradiction. Since 2(n − 2)! > 8n − 21, S 2:j 1 n − F j 1 connects S 2:j 2 n − F j 2 for j 1 , j 2 ∈ J by Lemma 4 (1) and Lemma 4 (5) . By the arbitrariness of j 1 , j 2 ∈ J , S 2:J n − D J is connected. We divide it into the following cases.
Case 1 (|I | = 0): We have that S 2 n −D is connected. Hence, Theorem 4 (1) holds.
Case 2 (|I | = 1): By the symmetry of S 2 n , we set I = {1}. Hence, |D 1 | ≥ 2n − 5.
(2.1) 2n − 5 ≤ |D 1 | ≤ 8(n − 1) − 25 = 8n − 33. By Lemma 7, excluding a subset Z 1 of three vertices, S 2:1 n − (D 1 ∪ Z 1 ) is connected. By Lemma 4 (5), there exist 2(n − 2)! disjointed edges between S 2:1 n and S 2:j n for j ∈ J . By the fact that 2(n − 2)! > 8n − 21 + 3 for n ≥ 6,
is connected (see Fig. 7 ). Hence, one of Theorem 4 (1)-(4) holds.
(2.2) |D 1 | ≥ 8n − 32. By the fact that |D| = |D 1 | + |D J | ≤ 8n − 21, we have
Let H be the union of small components of S 2 n − D such that V (H ) ∩ V (S 2:J n − D J ) = ∅, then S 2 n − D − V (H ) is connected (see Fig. 8 ), V (H ) ⊆ V (S 2:1 n − D 1 ) and N S 2:J n (V (H )) ⊆ D J . By Lemmas 4 (2) and (3), Hence, |V (H )| ≤ 5 (see Fig. 8 ).
If |V (H )| ≤ 3, then one of Theorem 4 (1)-(4) holds.
If |V (H )| = 4, we claim that H does not consist of four isolated vertices. Otherwise, by Proposition 3 (3),
which is a contradiction. Thus, Theorem 4 (5) holds.
If |V (H )| = 5, we claim that H does not consist of five isolated vertices or three isolated vertices and an edge. Otherwise, by Theorem 2,
which is a contradiction. Hence, Theorem 4 (6) holds.
Case 3 (|I | = 2): By the symmetry of S 2 n , we set I = {1, 2}. Therefore, |D 1 | ≥ 2n − 5 and |D 2 | ≥ 2n − 5. Since |D| ≤ 8n − 21,
(3.1) 2n − 5 ≤ |D i | ≤ 8(n − 1) − 25 = 8n − 33 for i ∈ I . By Lemma 7, excluding a subset Z i of three vertices, S 2:i n − (D i ∪ Z i ) is connected, where i ∈ I . By Lemma 4 (5), there exist 2(n − 2)! disjointed edges between S 2:i n and S 2:j n for any i ∈ I and j ∈ J . By the fact that 2(n − 2)! > 6n − 16 + 3 for n ≥ 6,
n − (D ∪ Z 1 ∪ Z 2 )) = ∅, then |T | ≤ |Z | ≤ 6 and N S 2 n (T ) ⊆ D. If |T | ≤ 3, then one of Theorem 4 (1)-(4) holds. If |T | = 4, we claim that T does not consist of four isolated vertices. Otherwise, by Proposition 3 (3),
which is a contradiction. Therefore, Theorem 4 (5) holds.
If |T | = 5, we claim that T does not consist of five isolated vertices or three isolated vertices and an edge. Otherwise, by Theorem 2,
which is a contradiction. Thus, Theorem 4 (6) holds.
If |T | = 6, then |T 1 | = |T 2 | = 3. By Lemma 7 (1),
Hence, for n ≥ 6,
(3.2) |D 1 | ≤ 8n−33 and |D 2 | ≥ 8n−32 or |D 2 | ≤ 8n−33 and |D 1 | ≥ 8n − 32.
By the symmetry of S 2 n , |D 1 | ≤ 8n−33 and |D 2 | ≥ 8n−32. Since |D| ≤ 8n − 21, for n ≥ 6, we have By Lemma 7 (1), excluding a subset Z 1 of three vertices, S 2:1 n − (D 1 ∪ Z 1 ) is connected. Let Z 2 be the union of small components of S 2:2 n −D 2 such that N (Z 2 )∩V (S 2:J n −D J ) = ∅. Therefore, S 2 n − D − Z 1 − Z 2 is connected (see Fig. 9 ). By Lemmas 4 (2) and (3),
If |T | ≤ 3, then one of Theorem 4 (1)-(4) holds.
If |T | = 4, we claim that T does not consist of four isolated vertices. Otherwise, By Proposition 3 (3),
which is a contradiction. Hence, Theorem 4 (6) holds. If |T | = 6, then |T 1 | = 2 and |T 2 | = 4. By Lemma 4,
and by Lemma 7 (2),
Therefore, for n ≥ 6,
which is a contradiction. For n ≥ 6, we have
which is a contradiction. Case 4 (|I | = 3): By the symmetry of S 2 n , we set I = {1, 2, 3}. Thus, |D 1 | ≥ 2n − 5, |D 2 | ≥ 2n − 5 and |D 3 | ≥ 2n − 5. Since |D| ≤ 8n − 21, we have
and for n ≥ 6,
By Lemma 7 (2), excluding a subset Z i of three vertices, S 2:i n − (D i ∪ Z i ) is connected, where i ∈ I . By Lemma 4 (5), there exist 2(n − 2)! disjointed edges between S 2:i n and S 2:j n for any i ∈ I and j ∈ J . By the fact that 2(n − 2)! > 6n − 16 + 3 for n ≥ 6,
then |T | ≤ |Z | ≤ 9 and N S 2 n (T ) ⊆ D. If |T | ≤ 3, then one of Theorem 4 (1)-(4) holds. If |T | = 4, we claim that T does not consist of four isolated vertices. Otherwise, by Proposition 3 (3),
If |T | = 6, by the symmetry of S 2 n , assume that |T 1 | = |T 2 | = 3 and |T 3 | = 0. By Lemma 7 (1),
which is a contradiction. Therefore, By the symmetry of S 2 n , assume that |T 1 | = |T 2 | = |T 3 | = 2. By Lemma 5,
for i ∈ I . Thus, for n ≥ 6,
which is a contradiction. Hence, by the symmetry of S 2 n , assume that |T 1 | = 3, |T 2 | = 2 and |T 3 | = 1. By Lemma 7 (1),
By Lemma 5,
By Lemma 4 (1), |D 3 | ≥ |N (T 3 )| ≥ 2n − 5. Therefore, for n ≥ 6,
If |T | = 7, by the symmetry of S 2 n , assume that |T 1 | = |T 2 | = 3 and |T 3 | = 1. By Lemma 7 (1),
By Lemma 4 (1),
Thus, for n ≥ 6,
which is a contradiction. Hence, by the symmetry of S 2 n , assume that |T 1 | = |T 2 | = 2, |T 3 | = 3. By Lemma 5, |D 1 | ≥ |N (T 1 )| ≥ 4(n − 1) − 9 = 4n − 13 and |D 2 | ≥ |N (T 2 )| ≥ 4(n − 1) − 9 = 4n − 13. By Lemma 7 (1),
If |T | = 8, then by the symmetry of S 2 n , assume that |T 1 | = |T 2 | = 3 and |T 3 | = 2. By Lemma 7 (1),
and |D 2 | ≥ |N (T 2 )| ≥ 6(n − 1) − 16 = 6n − 22.
By Lemma 5, Thus, for n ≥ 6,
which is a contradiction. If |T | = 9, then |T 1 | = |T 2 | = |T 3 | = 3. By Lemma 7 (1),
for i ∈ I . Hence, for n ≥ 6,
which is a contradiction. From the above, Theorem 4 holds. We have addressed the maximal components of split-stars. It will be interesting to determine the component connectivity of split-stars.
IV. COMPONENT CONNECTIVITY AND COMPONENT EDGE CONNECTIVITY OF S 2 n
We explore the upper bound of component connectivity of S 2 n by considering the minimum neighborhood of an appropriate substructure and can directly apply the above theorems to propose the lower bound of component connectivity of S 2 n . Theorem 5: (1) The 2-component connectivity of n-splitstar S 2 n (n ≥ 4) is cκ 2 (S 2 n ) = 2n − 3. (n ≥ 6) is cκ 5 (S 2 n ) = 8n − 20. Proof: (1) By Lemma 4 (1), cκ 2 (S 2 n ) = κ(S 2 n ) = 2n − 3 for n ≥ 4. (2) Let ζ = 1234 · · · n and η = 4321 · · · n be two ends of a 4-cycle in S 2 n (see Fig. 10 ). We have |N (ζ ) ∩ N (η)| = |{3124 · · · n, 2431 · · · n}| = 2.
By Lemma 1 (1), |N ({ζ, η})| = 2(2n − 5) + 2 = 4n − 8. Let D = N ({ζ, η}). We obtain that S 2 n − D has at least three components, the small two being isolated vertices ζ and η, respectively. By Definition 2 (1) , N ({ζ, η}) is a 3-componentcut of S 2 n for n ≥ 4. By Definition 2 (2), cκ 3 (S 2 n ) ≤ |N ({ζ, η})| = 4n − 8 for n ≥ 4.
Next, we will show that cκ 3 (S 2 n ) ≥ 4n − 8 for n ≥ 4. Assume that cκ 3 (S 2 n ) ≤ 4n − 9. Let D be the 3-componentcut of S 2 n such that |D| ≤ 4n − 9. Thus, S 2 n − D has at least three components. However, by Lemma 6, S 2 n − D has one of the following two situations:
• one component (connected); • two components, the small one being a vertex or an edge. That is to say, S 2 n − D has at most two components, which contradicts to D being the 3-component-cut of S 2 n . Hence, cκ 3 (S 2 n ) ≥ 4n − 8 for n ≥ 4. In conclusion, cκ 3 (S 2 n ) = 4n − 8 for n ≥ 4. (3) Let ζ = 1234 · · · n, η = 4321 · · · n and ξ = 4231 · · · n be three vertices of a 6-cycle in S 2 n and they are nonadjacent pairwise such that there exist two vertices having two common neighbors (see Fig. 11 ). We have |N (ζ ) ∩ N (ξ )| = |{3124 · · · n, 2431 · · · n}| = 2, |N (η) ∩ N (ξ )| = |{2431 · · · n, 3421 · · · n}| = 2, |N (η) ∩ N (ζ )| = |{2431 · · · n, 2134 · · · n}| = 2.
By Lemma 2 (1), |N ({η, ζ, ξ })| = 3(n − 6) + 4 = 6n − 14 for n ≥ 5. Let D be the set N ({η, ζ, ξ }). We obtain that S 2 n − D has at least four components, the small three being isolated vertices η, ζ and ξ , respectively. By Definition 2 (1) , N ({η, ζ, ξ }) is a 4-component-cut of S 2 n for n ≥ 5. By Definition 2 (2), cκ 4 (S 2 n ) ≤ |N ({η, ζ, ξ })| = 6n − 14 for n ≥ 5.
Next, we will show that cκ 4 (S 2 n ) ≥ 6n − 14 for n ≥ 5. Assume that cκ 4 (S 2 n ) ≤ 6n − 15. Let D be the 4-componentcut of S 2 n such that |D| ≤ 6n − 15. Hence, S 2 n − D has at least four components. However, by Theorem 3, S 2 n − D (n ≥ 5) has one of the following three situations:
• one component (connected); • two components, the small one being a 3-cycle, or 2path, or an edge, or a vertex;
• three components, the small two being both a vertex, respectively, or a vertex and an edge. That is to say, S 2 n − D has at most three components, which contradicts to D being the 4-component-cut of S 2 n . Hence, cκ 4 (S 2 n ) ≥ 6n − 14 for n ≥ 5. In conclusion, cκ 4 (S 2 n ) = 6n − 14 for n ≥ 5. (4) Let ζ = 1234 · · · n, η = 4321 · · · n, ξ = 2134 · · · n and ω = 3421 · · · n be four vertices in S 2 n (n ≥ 6) (see Fig. 12 ). We have |N (ω) ∩ N (ξ )| = |{1324 · · · n, 4231 · · · n}| = 2, |N (ζ ) ∩ N (η)| = |{3124 · · · n, 2431 · · · n}| = 2.
By Lemma 1 (1), |N ({η, ζ, ω, ξ })| = 4(2n − 6) + 4 = 8n − 20. Let D be the set N ({η, ζ, ω, ξ }). We obtain that S 2 n − D has at least five components, the small four being isolated vertices ξ , ω, ζ and η, respectively. By Definition 2 (1) , N ({η, ζ, ω, ξ }) is a 5-component-cut of S 2 n for n ≥ 6. By Definition 2 (2), cκ 5 (S 2 n ) ≤ |N ({η, ζ, ω, ξ })| = 8n − 20 for n ≥ 6.
Next, we will show that cκ 5 (S 2 n ) ≥ 8n − 20 for n ≥ 6. Assume that cκ 5 (S 2 n ) ≤ 8n − 21. Let D be the 5-component-cut of S 2 n such that |D| ≤ 8n − 21. Therefore, S 2 n −D has at least five components. However, by Theorem 4, S 2 n −D (n ≥ 6) has at most four connected components, which contradicts to D being the 5-component-cut of S 2 n . Hence, cκ 5 (S 2 n ) ≥ 8n − 20 for n ≥ 6. In conclusion, cκ 5 (S 2 n ) = 8n − 20 for n ≥ 6. Next, we aim to establish the upper bound of component edge connectivity of S 2 n by considering the minimum edge neighborhood of an appropriate substructure. As is shown in Fig. 13 , we choose a substructure S r−1 with r − 1 vertices such that E(S r−1 ) has the largest size of edges among all substructures with r − 1 vertices in S 2 n . Then we calculate the size of |E(S r−1 )|. When E(S r−1 ) is deleted from S 2 n , we obtain r −1 isolated vertices and a large component LC S 2 n . By Definition 3 (1), E(S r−1 ) is a r-component edge-cut of S 2 n . By Definition 3 (2), cλ r (S 2 n ) ≤ |E(S r−1 )|. We list the upper bounds of r-component edge connectivity of S 2 n for r = 2, . . . , 9 in Table 1 . In this table, we also present the corresponding substructures which are chosen to obtain the upper bounds and the rough calculation formula.
However, if we want to obtain the lower bound of component edge connectivity of S 2 n , then it needs much more fault tolerant properties, and we will investigate it in future.
V. CONCLUSION
In this paper, we first determined the size of neighbor-set of an independent set in the n-split-star S 2 n . Then we proved that when an arbitrary subset of vertices D with |D| ≤ 6n − 15 is removed from S 2 n , the remaining network will have at most 3 components with the largest component having at least n! − |D| − 3 vertices. With |D| ≤ 8n − 21, the remaining network has at most 4 components with the largest component's size at least n! − |D| − 5. As a theoretical application, we directly estimated the r-component connectivity of S 2 n and obtained the upper bound of r-component edge connectivity on S 2 n by considering the minimal neighbor edge-set of appropriate substructures in S 2 n . In the future, we will apply the linear many faults to establish the relationship between the fault tolerance and the fault diagnosis of S 2 n . Moreover, we will investigate more fault tolerant properties of S 2 n to obtain the lower bound of component edge connectivity of S 2 n . where he is currently a Professor. He has held visiting positions in other universities and has consulted in industry. His main research interests include interconnection networks, fault-tolerant computing, algorithmic robotics, parallel processing, and wireless ad hoc and sensor networks. He has published over 60 articles in these areas. He received several university awards for his scholarly accomplishments. He was an Associate Editor of the IEEE TRANSACTIONS ON PARALLEL AND DISTRIBUTED SYSTEMS, from 2010 to 2014.
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